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1. Suppose that a, b, c are positive real numbers, prove that 


b 2 
ee sean ge 
Vato VP+2 Ver+a? 2 


2. If a,b,c are nonnegative real numbers, no two of which are zero, then 


2 e e + a (a+b+c)? > 4(a? +6? +?) 

e + (a4 Cc a Cr) 

b+e ct+ta atb = 
aes e 3(a? + b? +c?) 


a+b’ b+e'cta™ 2atb+c) 
3. For all reals a, b and c prove that: 
2 
S\(a-8)(a—c) 5 a?(a— b)(a—c) > (Soaie-mve-9) 
cyc cyc cyc 


4. Let a, b and c are non-negatives such that a+b+c+ab+ac+ be = 6. 
Prove that: 
4(a +b+c)+ abe > 13 


5. Let a, b and c are non-negatives. Prove that: 
(a?+b?—2c?) Vc? + ab+(a?+c?—2b7) Vb? + act+(b?+c?—2a7) Va? + be < 0 


6. If a,b,c are nonnegative real numbers, then 


e S° ay/3a? + 5(ab + be + ca) > V2(a+b+4 c)?; 


cyc 

e S/ ay/2a(a + b +c) + 3be > (a+b +0); 
cyc 

e S| ay/5a? + 9bc + 1a(b +c) > A(a+b+c). 
cyc 
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7. If a,b,c are nonnegative real numbers, then 


e S > ay/2(a? + 8 + c?) + 3be > (a+ b+ ¢)?; 


cyc 
e S( av/4a? + 5be > (a+ b+c)”. 
cyc 


8. If a,b,c are nonnegative real numbers, then 


° S¢ avVab + 2be + ca > 2(ab + be + ca); 


cyc 


e So ava? + 4b? + dc? > (a+b +0)”. 


cyc 


9. If a,b,c are nonnegative real numbers, then 


Ss /a(b + c)(a? + be) > 2(ab + bc + ca) 


cyc 
10. If a,b,c are positive real numbers such that ab + bc + ca = 3, then 


e S° Vala t+ b)(a +e) > 6 


cyc 


e S° Va(4a + 5b) (4a + 5c) > 27 


cyc 


11. If a,b,c are nonnegative real numbers, then 


e S¢ ay/(a + b)(a +c) > 2(ab + be + ca) 
° Sv aV(a + 2b)(a + 2c) > 3(ab + be + ca) 
e S- av/ (a+ 3b)(a + 3c) > 4(ab + be + ca) 


12. If a,b,c are nonnegative real numbers, then 


© = Sl aV/Qa+b)2a+e) > (a+b+e) 


© YaV@r+d@ra > s(a +b Le)? 
e S/ ay/(4a + 5b)(4a + 5c) > 3(a +64) 


13. If a,b,c are positive real numbers, then 


e a+b+ce8+abe+8 > 4(a+b+c); 
e a? +b? + + 3abe+12 > 6(a+b+c); 
e A(a? + b? + c3) + l5abe + 54 > 27(a+b+¢). 


14. If a,b,c are positive real numbers, then 


a b c 


4 al 
V4a? + 3ab-+ 2b? 4/46? + Bbc + 2c? = V/A? + 3ca + 2a? — 
a b z rea 
V4a? + 2ab+ 3b? W462 + 2be +. 3c? ~—-V/4c? + 2ca + 3a? ~ 
a b Cc 
+ + = 
V4a? +ab+ 4b? 4b? +be+ 4c? = 4c? + ca + 4a? 


The last is a known inequality. 


15. If a,b,c are positive real numbers, then 


a bo¢ b cia 
Po ee Dy Ta ee 
bo coa a bee 


16. Let x,y,z be real numbers such that «+ y+ z= 0. Find the maximum 


value of ihe Be. ae 
17. If a.b.c are distinct real numbers, then 
ab bc ca 1 


G62 O28) =an aoe 


18. If a and b are nonnegative real numbers such that a+ b = 2, then 


e ath? + ab > 2; 
e = ab? + Bab < 4; 
e a°b* +2 > 3ab. 


19. Let a,b,c,d and k be positive real numbers such that 


Tis, Wy oie. 
b d){-+=+-+-=)= 
(a+ teta(2+74+245) k 


Find the range of k such that any three of a, b, c,d are triangle side-lengths. 
20. If a,b, c,d,e are positive real numbers such that a+b+c+d+e=5, then 
rn 1 1 1 14 € 1 1 1 =) 


t>+5+54+9> bo += 4 


d2— e? hae | Ble ee ee 


21: 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


Let a, b and c are non-negatives such that ab + ac + bc = 3. Prove that: 


iw ae eee, 
t + ~a 
Gib bee ela ee = 


Let a, b, c and d are positive numbers such that a+ + b+ + c++ d* = 4 
Prove that: 
3 b3 3 da 
>4 
ab — 


Let a>b>c> 0 Prove that: 
e (a—b)> + (b—¢)? +(c— a)’ <0 
e S "5a? + 1lab + 5b?)(a — b)? <0 


cyc 


Let a, 6b and c are positive numbers. Prove that: 


a a b “! Cc e 3 
az+be b+ac C+ab~ 2Vabe 


Let a, b and c are positive numbers. Prove that: 


a+b (ee (ot? 1l(a+b+4+c) 
> 15 
/ c ms a b >| Vabe 


Let a, b and c are non-negative numbers. Prove that: 


9a7b*c* + a?b? + ac? + b*c? — 4(ab + ac + bc) + 2(a + b+c) >0 


Let a,b,c,d be nonnegative real numbers such that a > b > c > d and 
3(a? +0? +c? +d’) = (a+b+c+4+d)?. Prove that 

e a < 3b; 

e a < 4c; 

° b< (24+ V3)c. 


If a,b,c are nonnegative real numbers, no two of which are zero, then 


be ca ab a? + b? + c? 
4 < 
2a? +be 2b? + ca - 2c? +.ab~ ab+be+ca 
2bc 2ca 2ab a2 +b? 4+? > 3 
a2+2be | b2+2ca c2+2ab° abt+be+ca~ 


29. Let a1, @2,...,@,, be real numbers such that 


41,02,...,0, >n-1l—V1l4+(n—-1)?, ap tagt..t+a, =n. 


Prove that 
Bo aa te eal Gi at 
afj+1 az+1 a2+1 


30. Let a,b,c be nonnegative real numbers such that a+ 
real p 4 —2, find q such that the inequality holds 


1 1 1 3 
+ + < 
a+patq &+pb+q C+pce+q™ 1+pt+gq 


With two equality cases. 
Some particular cases: 


1 1 1 1 
2 2 Rs 2 a ‘ 
a? +2a+15 " B+2b4+15 | 2+2c+15 ~ 6 


With equality for a = 0 and b=c= 3 


1 1 1 1 
Gener 
8a? + 8a + 65 8h 4 8b465 | 82 +8c465 ~ 27 
With equality for a = 3 and b=c= + 


it " 1 i sed 
8a2 — 8a +9 8b? — 8b +9 8e2?—8C4+9~ 3’ 
With equality for a = 3 andb=c= 3: 


1 1 1 1 
i i < . 
8a? — 24a + 25 8c? — 24c +25 — 3 


© 8b2 — 24b + 25 * 
With equality for a = 4 and b=c= 3: 
1 1 1 1 


< 
Qa? — Ba +15 | 2 —8b4+15 | 20? — Bo+15 ees 
With equality for a = 3 and b=c=0. 


31. If a,b,c are the side-lengths of a triangle, then 
a?(b-+c) + be(b? +c”) > a(b? + c°). 


32. Find the minimum value of k > 0 such that 


a b c 
| om 
a? + kbe pike ek COO 


for any positive a,b,c. See the nice case k = 8. 


alr 


11 
PS. Actually, this inequality, with a,b,c replaced by —, ae is known. 
a 


+c= 3. For given 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


Al. 


If a,b,c,d are nonnegative real numbers such that 
atb+c+d=4, @74+0?4+C4ea =7, 


then 
a+b?+c4d> < 16. 


Ifa>b>c>0, then 


4(a — b)? 
° at+tb+c—3Vabe > 64(a ) 


= 71a + 246)’ 
3 25(b — c)? 
oy a ey eer ce 
CORO S ee = 735-4 1c) 
Ifa >b>0, then 
@2<14 47! 
amie, Ja * 


If a,b € (0, 1], then 
q?-2 af pe < 9). 
If a,b,c are positive real numbers such that a+b+c= 3, then 


24 x 1 
a2b+b?c+c?a abe 


> 9. 


Let x,y,z be positive real numbers belonging to the interval [a,b]. Find 
the best M (which does not depend on «, y, z) such that 


ctytz< 3M VSryz. 


Let a and b be nonnegative real numbers. 
—b 
(a) If 2a? +b? = 2a +b, then 1 — ab > a 


(b) If a? +b? = 2, then 3(a* + b+) + 2a4b4 < 8. 


? 


Let a, b and c are non-negative numbers. Prove that: 


ee eS eee 
7 = 24 


Let a, b, cand d are non-negative numbers such that abc+abd+acd+bcd = 
4. Prove that: 


1 1 1 1 3 7 
i | i < 
at+b+e 


“Gb bbd: werd bieid. etbteHte BD 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


Let a, 6, cand d are positive numbers such that ab+-ac+ad+bc+bd+cd = 6. 
Prove that: 


<1 
b+ce+d+17— 


Let x > 0. Prove without calculus: (e” — 1) In(1 +2) > 2”. 


Let a, b and c are positive numbers. Prove that: 


bog 24 abe = 


b ec a atb+c7— 


For all reals a, b and c such that So@ + 5ab) > 0 prove that: 


cyc 
(a+b+c)® > 36(a+b)(a+c)(b+c)abe 
The equality holds also when a, 6 and c¢ are roots of the equation: 
2a? — 6x? — 64 +9 =0 
Let a, b and c are non-negative numbers such that ab+ac+ bc £ 0. Prove 
that: 


(a+b)? 
a2 + 3ab + 4b? 


(b+ c)? 


(c+ a)? %. 3 
b? + 3bc + Ac? 


c2 + 8ca+ 4a? ~ 2 


a, 6 and c are real numbers such that a + b+ c= 3. Prove that: 


1 1 1 
x 
Gabe Geri (c+a)?+14 7 6 


Let a, b and c are real numbers such that a+ b+c= 1. Prove that: 


a ; b Cc 2 9 
az+1 c2+17 10 


T Marl t 


Let a, b and ¢ are positive numbers such that 4abe = a+ b+c+1. Prove 


ua 2D Do 2 9 
b° +e | c ve | be +a > 2a? +b? +2) 
a c 


Let a, b and c are positive numbers. Prove that: 


1 1 1 1 1 1 
ardro(tep+}) sitar +e) (b+ f+) +10 


ol. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


Let a, b and c are positive numbers. Prove that: 


a oan oe " 37(a? + b? +c”) — 19(ab + ac + bc) 
b Cc at 6(a+b+c) 


Let a, b and c are positive numbers such that abc = 1. Prove that 
1 1 1 1 1 1 
34.73 4 3 
a+b +e H4(Steta) +48 > 7(a+b+e) (+545) 


Let a, b and c are non-negative numbers such that ab+ ac+ bc = 3. Prove 
that: 


Foglia op, es 

lta? '14+68? 14272 
ee: 1 3 

2+3a2 | 24368 ' 243875 
1 if 1 3 


> 
3+5a4 34504 34+5c4~ 8 


Let a, b and ¢ are non-negative numbers such that ab+ac+ bc £ 0. Prove 
that 


a+b+ec eZ a b c e+P4+e 


ab+actbe~ B+bc+c | a®+ac+c | a?+ab+b? ~— a2b? + a2c2 + B22 


Let a, b and c are non-negative numbers such that ab+ac-+ bc = 3. Prove 


that 
a s/a2b+ b2e4+ ca 
3 
a Cc u/aeb+ b8c+ ca 
e > 
3 = 3 


Let a, b and c are non-negative numbers. Prove that 


a 


ST Wwe 
| 


(a? + b? + c*)? > 4(a — b)(b—c)(e—a)(a +b +0) 


Let a, b and c are non-negative numbers. Prove that: 
(at+b+c)® > 128(a°b? + a®c? + ba? + bc? + cPa® + c°b?) 


Let a, b and c are positive numbers. Prove that 


OP ste *. Waae ae =, 
3a+b+ce 3b+a+c. 3c+atb— 
a® — bed 
It seems that 5° —_______ 5 0is true too for positive a, 6, c and d. 
qe (at btet+d 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


Let a, b and c are non-negative numbers such that ab+ac-+ bc = 3. Prove 


that: 
e a? +b? +c +3abc > 6 


e a+ +b4+ c++ 15abc > 18 


Let a, b and ¢ are positive numbers such that abc = 1. Prove that 
ab+bcet+Ca> V/3(a? +b? +c?) 


Let a, b and c are non-negative numbers such that ab+ac+ bc £ 0. Prove 
that: 


1 1 1 81 
} > 
Paeee | we tbe ke b3 + 3abe + c3 ~ B(a+b+c)3 


Let mg, my, and m, are medians of triangle with sides lengths a, b and c. 
Prove that 


Ma tmp + Me > =v 2ab +t ac + be) — a? — b? — e? 


Let a, b and c are positive numbers. Prove that: 


a+b+c a? 4: b? f Cc 
OVabe — 4a24+5be 402+ 5ca 4c? + 5ab 


Let {a, b,c, d} C [1,2]. Prove that 


16(a? + b?)(b? + c”)(c? + d?)(d? + a?) < 25(ac + bd)4 


Let a, b and c are positive numbers. Prove that 


~ 10(a? + b? +c?) — ab—ac— be 
2—ab+l< 
dive —ab+b? < 3(a+b+c) 


cyc 


Let a, b and c are non-negative numbers. Prove that: 


S> V2(a2 + 82) > 3/9 “(a +b)? 


cyc cyc 


Let a, b and c are positive numbers. Prove that: 


a b oe jee + 6? + c?) 
t-+-> 
Cc a! ab + be + ca 


Let a, b, c, d and e are non-negative numbers. Prove that 


(Grberoterddraeroy”. — 
32 = 5 


125 
) (abcde)*°? 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


77. 


78. 


Let a, b and c are positive numbers. Prove that 


Q2 2 Ree \e 
@bt+ar?ctbatb?c+ a+ cb > 6 ( ———— ] abc 
ab +ac+ be 


Let a, b and c are non-negative numbers such that a? +b? + c? = 3. prove 
that 
(a+ b?c?)(b + a2c*)(c + ab?) > 8a7b?c? 
Given real different numbers a, b and c. Prove that: 
(a? + b? +c? — ab— bc — ca)? 1 1 1 405 
(a — b)(b—c)(c— a) (a—b)3 © (b—c)3 * (c—a)3) — 
Let £1, y41 and « £1 such that xyz = 1. Prove that: 
2 2 2 
ee ee ae eee 
(x — 1) 


~G-1P (=)? © 
When does the equality occur? 


Let a, b, and c are non-negative numbers such that a+ b+ c= 3. Prove 
that: 
e+b+e4+6 > 3(a?+b%+c°) 
a>1,b>1andc>1. Find the minimal value of the expression: 
3 b3 3 


a 5 GC 
a+b-2 cta-2 


be 2" 
For all non-negative a, b and c prove that: 
(ab—¢?)(a+b—c)* + (ac— b?)(a + c— b)? + (be — a?)(b+e-—a)? > 0 


Let a, b, c and d are positive numbers such that a* + b+ + c+ + d4 = 4. 
Prove that 


b c a d a 
REMARK. This inequality is not true for the condition a°+b°+c°+d° = 4. 


1 1 1 
Let a, 6 and c are positive numbers such that + = 3. Prove 
va vb ve 
that 
1 1 1 3 
+ = 


a+b a+c b+c7 2 


Let a, b and c are positive numbers such that abc = 1. Prove that: 


1 1 1 
b+c)® > 63 
ere Cee 5be +3 a 
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79. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


ab+ac+ be 


Let a, b and care positive numbers such that max{ab, bc, ca} < 5 


anda+b+c=3. Prove that 
24+P4e2> b+ + a? 
Let a, 6b and c are positive numbers such that a+b+c=3. Prove that: 


a? é b? Cc 3 
3a+b2 § 3b4+c2 | 3c+a2—~ 4 


Let a, b and c are non-negative numbers and k > 2. Prove that 


e \/2a? + 5ab + 2b? + 2a? + Sac + 2c? + 2b? + be + 2c? < 3(a +b +0); 


e > Va? + kab + 0? < /4(a? + b? + c2) + (3k + 2)(ab + ac + be). 


cyc 


Let x, y and z are non-negative numbers such that x? + y? + 27 = 3. Prove 


that: r F 
+ < v3 
Jertytze2 Vetytz VSaetyt2 


Let a, 6 and c are non-negative numbers such that a + b+ c = 3. Prove 
that 


ab+9 ac+9 be+97 5 


a+b ate b+e 32 


If x,y, z be positive reals, then 


x y z se One) 
Vvaty Vytz Veta 4 


For positive numbers a, b, c, d, e, f and g prove that: 


a+b+c+d c+d+e+f e+fta+t+b 


> 
a+b+e+d+ft+g ct+dt+e+ft+b+g e+fta+b+d+g 


Let a, b and c are non-negative numbers. Prove that: 


av 4a? + 5b? + by/4b? + 5c? + cy/4c? + 5a? > (a+b+c)? 
Let a, b and c are positive numbers. Prove that: 


b Ay/2 — b+ b 
came ag Oy AV mT sis Ds ays 
boc a a*+b*+¢ 


Let a, b and c are non-negative numbers such, that a+ +b4+c* = 3. Prove 
that: 
ab+bc+Ca<3 


11 


89. 


90. 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


Let a and 0 are positive numbers, n € N. Prove that: 


(n+1)(a"t! + 6°") > (a+ b)(a" +a" tb +--+ +6") 


Find the maximal a, for which the following inequality holds for all non- 
negative a, b and c such that a+b+c=4. 


a®b + 8c + 8a + aabe < 27 


Let a, b and c are non-negative numbers. Prove that 


qe . ee eee (ee 
3 is a 2 


Let a and 0 are positive numbers and 2 — V3 <k< 2+ \/3. Prove that 


a 1 1 4 
(va+ vo) (E+ ae) = ie 


Let a, b and c are nonnegative numbers, no two of which are zeros. Prove 
that: 
a b c 3(a+b+c) 
+ + = . 
b+c2 at®t+c a®?§+b? ~ at§ +b? +c? +ab+ac+be 


Let x, y and z are positive numbers such that xy + 7z + yz = 1. Prove 


that 2 S ; 
x y Zz , (@tyt2) 


1 — 4y?xz - 1—422yx © 1—4a?2yz — 5 


Let a, b and c are positive numbers such that a° + 6° +¢® = 3. Prove that: 
a ee 
(ab + ac4 be) (F 2 | 3) 29. 


Let a, b and c are positive numbers. Prove that 


3 a | 3 b | 3 c >1 
2+25c | V2c+25a \ 2a+25b— ~ 


Let a, b and c are sides lengths of triangle. Prove that 


(a+ b)(a+c)(b+c) s (2a + b)(2b + c)(2c + a) 
8 a 27 ; 


Let a, b and c are non-negative numbers. Prove that 


4 @s + b)(2b + c)(2e + a) . Vue 
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99. Let a, b and c are positive numbers. Prove that 


a3 b3 3 
> 
b8 + (c+ a) c+ (a+b) a® + (b+ c)> ~ 


100. Let x, y and z are non-negative numbers such that ry+az+yz = 9. Prove 
that 


(1 + 27)(1 + y?)(1 + 2?) > 64. 
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